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Abstract
We show, in particular, that if X is a zero-dimensional second countable space without isolated
points, then each point of the remainder of the space βX is a non-normality point of βX. Ó 2000
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1. Introduction
The notion of b-point (butterfly-point) was introduced by Shapirovsky in 1975 [6]. We
use it in the following form:
Definition 1.1. A point p ∈ X∗ is called a b-point in βX, if {p} = ClβXF ∩ ClβXG for
some sets F,G⊂X∗ − {p}, for which ClβX(F ∪G)⊂X∗.
Every b-point p ∈ X∗ is a non-normality point in βX, i.e., βX − {p} is not normal.
But there is still quite little information on this subject. As it is well known, some special
points of ω∗, like the limits of countable discrete subsets of ω∗, for instance, are non-
normality points (Blaszczyk and Szymanski [1], Gryzlov [4], van Douwen [3]). If X is a
second countable locally compact space without isolated points, then each point of X∗ is a
non-normality point of βX [5].
A point p of X∗ is called remote, if p /∈ ClβXF for every nowhere dense subset F of X.
This kind of points became popular after a series of papers by van Douwen, Dow, van Mill
and others had been published (see, for instance, [2,3]). In our paper the following results
are obtained:
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Theorem 1.2. Let X be a zero-dimensional second countable space without isolated
points. Then every p ∈ X∗ is a butterfly-point in βX. Moreover, the sets F and G,
witnessing those in Definition 1.1, may be chosen consisting of remote points.
2. Proof
Later on X∗ = βX − X is a remainder of ˇCech–Stone compactification βX of a
completely regular space X. A set U ⊂ X is clopen, if it is closed and open. If U ⊂ X
is clopen, then Uε = βX− ClβX(X−U) equals ClβXU. If clopen sets form a base in X,
then X is called zero-dimensional. A family U ⊂ 2X is called cellular, if its members are
mutually disjoint, and n-centered for n ∈ ω, if every n-member subfamily of U has non-
empty intersection. Every transfinite number is identified with the set of smaller transfinite
numbers, so 3= {0,1,2}.
Let the theorem conditions hold. It is easy to construct a sequence {Pn: n ∈ ω} of cellular
covers
Pn =
{
U(ν): ν ∈ 3n+1},
consisting of nonempty clopen sets U(ν)⊂X, such that P =⋃n∈ωPn is a base in X and
Pn+1 refines Pn for every n ∈ ω, i.e., U(ν, k) ⊂ U(ν) for each ν = (i0, . . . , in) ∈ 3n+1
and k ∈ 3. For any other index µ = (j0, . . . , jm) ∈ 3m+1 we write ν ⊆ µ, if n 6 m and
ν = (j0, . . . , jn), ν < µ, if either n < m or n = m and it < jt for t = min{r: ir 6= jr }.
Then U(ν)⊇ U(µ) iff ν ⊆ µ, U(ν)⊆ U(µ), iff ν ⊇ µ and U(ν) ∩U(µ)= ∅ otherwise,
(
⋃
n∈ω 3n,<) is a well-ordered set. Later on we use the notationU(ν) for the sets from the
base P only.
The following construction belongs to van Douwen [3, 4.1]. Let U ⊂X be open and
Ω =
{
ν ∈
⋃
n∈ω
3n: U(ν)⊂U
}
.
Then for any nowhere dense set F ⊂ X we put ν0 = min{ν ∈ Ω : U(ν) ∩ F = ∅} and
P(F,U,O) = {U(ν0)}. Let for some j ∈ ω, νj ∈ Ω and P(F,U, j) ⊂ P have been
constructed. For every µ ∈ Ω we can choose µ∗ ∈ Ω so that µ∗ > νj and U(µ∗) ⊂
U(µ)− F. Define
P(F,U, j + 1)= {U(µ∗): µ ∈Ω, µ6 νj} and νj+1 =max{µ∗: µ6 νj }.
Then the family {⋃⋃j6nP(F,U, j): F is a nowhere dense subset of X} is n-centered
for every n ∈ ω [3, 4.1].
We put P0(F,U,n) =⋃j6nP(F,U, j). If Pj (F,U,n) ⊂ P has been constructed for
some j ∈ ω, then
Pj+1(F,U,n)
=Pj (F,U,n)∪
⋃{P0(F,U(ν, k), n): k ∈ 3 and U(µ)⊂U(ν)⊂U
for some U(µ) ∈ Pj (F,U,n)
}
.
Finally we obtain Pn+1(F,U,n).
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DefineP∗ to be the set of all cellular covers pi ⊂P ofX. Any pi,σ ∈P∗ are comparable
in sense of the following pre-order<p: pi >p σ, if
p ∈
⋃
{U ∈ pi : U ( V for some V ∈ σ }ε
and pi =p σ, if p ∈⋃(pi ∩ σ)ε. So there are maximal chains in (P∗,<p): {piα}α∈τ ⊂ P∗
is called a maximal chain if α < β < τ implies piβ >p piα and for each σ ∈ P∗, σ <p piα
for some α ∈ τ. Let λ(p)=min{τ : τ is a cardinality of some maximal chain in (P∗,<p)}
and let P(p) = {piα: α ∈ λ(p)} be later on a maximal chain of the smallest cardinality
λ(p). Define for every subfamily pi ⊂ P, pi(k)= {U(ν, k): U(ν) ∈ pi} for each k ∈ 3 and
for every pi ∈ P∗,
[pi] =
⋂{
ClβX
⋃
δ: δ ⊂ pi and p ∈
⋃
δε
}
.
Then α < β < λ(p) clearly implies [piβ ] ⊂ [piα]. Without any loss in generality we can
assume, that p /∈ ClβXU for each U ∈ pi0, so [pi0] ⊂X∗.
Claim 2.1. For any Op⊂ βX, [piα] ⊂Op for some piα ∈ P(p).
Proof. Obviously, we can assume Op to be clopen. For each x ∈X let
i(x)=min{i: either x ∈U ⊂Op or x ∈U ⊂X−Op for some U ∈Pi}.
Let U(x) ∈ Pi(x) contain x. Then U(x) and U(y) are either coinciding or disjoint sets
for every points x, y ∈ X. Cover {U(x): x ∈ X} contain cellular subcover pi. For any
piα ∈ P(p), piα >p pi implies
[piα] ⊂ [pi] ⊂ ClβX
⋃{
U(x): x ∈Op
⋂
X
}⊂Op. 2
Claim 2.2. For every piα ∈ P(p) and k ∈ 3 there is a remote point pα(k) ∈ [piα] such that
pα(k) ∈ ClβX⋃piβ(k) for each β ∈ λ(p)− α.
Proof. Let piα = {Un: n ∈ ω}. We shall show, that
[piα] ∩
⋂{
ClβX
⋃
piβ(k): β ∈ λ(p)− α
}
∩
⋂{
ClβX
⋃
n∈ω
Pn+1(F,Un,n): F is a nowhere dense subset of X
}
6= ∅.
It is easy to see that
ξ(p)=
{
A⊂ ω: p ∈
(⋃
n∈A
Un
)ε}
is an ultrafilter on ω and
[piα] =
⋂
A∈ξ(p)
(⋃
n∈A
Un
)ε
.
So let us consider an arbitraryA ∈ ξ(p), m ∈ ω, β0, . . . , βm ∈ λ(p)−α and nowhere dense
subsets F0, . . . ,Fm of X. If U ⊂ Un for some U ∈ piβi , then pinβi = {U ∈ piβi : U ⊂ Un} is
56 S. Logunov / Topology and its Applications 102 (2000) 53–58
a cover of Un by our construction. So Ai = {n ∈ A: pinβi is a cover of Un} belongs ξ(p)
because of piβi >p piα. But then Claim 2.3 implies
m⋂
i=0
(⋃
pinβi (k)∩
(⋃
Pn+1(Fi,Un,n)
))
6= ∅
for every n ∈⋂i6mAi, n >m, and the proof is done. 2
We show now, that Claims 2.1 and 2.2 directly imply the proof of the theorem. Indeed,
let for each k ∈ 3, Fk = {pα(k): α ∈ λ(p)}. Then by Claim 2.1, p is an accumulation
point for every Fk (except, probably, when for unique one and some α ∈ λ(p), pβ(k)= p
for each β ∈ λ(p)− α). Moreover Fk − [piα] ⊂ {pβ(k): β < α} ⊂ ClβX⋃piα(k) for each
α ∈ λ(p). As the sets ⋃piα(k) are closed in X and disjoint for k ∈ 3 by our construction,
then ClβXFk ∩ ClβXFk′ = {p}, if k, k′ ∈ 3 are different. As every Fk consists of remote
points, the proof is done.
For clearness of notation we prove the last statement in the following form.
Claim 2.3.
n⋂
i=0
(⋃
pii(0)
)
∩
n⋂
j=0
(⋃
Pn+1(Fj ,X,n)
)
6= ∅
for every n ∈ ω, pii ∈P∗ and nowhere dense Fj ⊂X.
Proof. Let Π = {pii : i 6 n} and F = {Fj : j 6 n}. By the induction on k 6 n we will
construct the sequence of indexes i ∈ 3,
P = i0, i1, . . . , iν(0,0), . . . , iν(0,m(0)), . . . , iµ(0,0),0, . . . , iν(k,0), . . . , iν(k,m(k)), . . . ,
iµ(k,k),0, . . . , iν(n,0), . . . , iν(n,m(n)), . . . , iµ(n,n),0, . . . , iν(n+1,0), . . . ,
iν(n+1,m(n+1)),
where some groups (. . . , iν(k,0), . . . , iν(k,m(k))) may be empty so that
(a) for each F ∈F , U(. . . , iν(k,r)) ∈ Pk(F,X,n) for some suitable index ν(k, r);
(b) for each pi ∈Π, U(. . . , iµ(k,r)) ∈ pi for some suitable index µ(k, r);
(c) as iµ(k,k) is always followed by 0, then U(. . . , iµ(k,k)) ∈ pi implies U(. . . , iµ(k,k),
0) ∈ pi.
The conditions (a)–(c) just provide us the validity of Claim 2.3. Later on we will indicate
indexes, constructing in the last induction step and ensuring (a)–(c). The simple case of
coinciding indexes we leave to the reader. So ν(k, i) < ν(r, j) and µ(k, i) < µ(r, j) if
either k < r or k = r and i < j.
Step k = 0. For each Fj ∈ F we can choose Uj ∈ P0(Fj ,X,n) so that ⋂nj=0Uj 6= ∅.
The indexes of selected sets Uj ∈ P form a satisfying (a) sequence P ′0 = . . . , iν(0,0), . . . ,
iν(0,n). Then U(P ′0) =
⋂n
j=0Uj . For each pii ∈ Π we can find Ui ∈ pii so that⋂
i6n Ui ∩ U(P ′0) 6= ∅. The indexes of selected sets Ui ∈ P form a sequence P ′′0 =
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. . . iµ(0,0), . . . , iµ(0,n), satisfying (b). Then either P ′0 ⊇ P ′′0 , or P ′0 ⊆ P ′′0 . We define P0 to
be the common part of P ′0 and P ′′0 preceding iµ(0,0):
P0 = . . . , iµ(0,0), if ν(0,0) > µ(0,0);
P0 = . . . , iν(0,0) . . . , iν(0,n) . . . , iµ(0,0), if ν(0, n)6 µ(0,0) and
P0 = . . . , iν(0,0), . . . , iν(0,m(0)), . . . , iµ(0,0),
if ν(0,m(0))6µ(0,0) < ν(0,m(0)+ 1) for some 06m(0) < n.
In order to insert 0 after iµ(0,0) we need the following:
Step 0< k < n. Let be constructed an invariable later on initial segment
Pk = . . . , iν(k,0), . . . , iν(k,m(k)), . . . , iµ(k,k)
of desirable P and the sequences
P ′k = Pk, . . . , iν(k,m(k)+1), . . . , iν(k,t)
satisfying (a) and
P ′′k = Pk, . . . , iµ(k,k+1), . . . , iµ(k,n),
satisfying (b). Then for each j =m(k)+ 1, . . . , t the condition
U(Pk, . . . , iν(k,j)) ∈Pk(F,X,n) for some F ∈F
implies
P0
(
F,U(Pk,0), n
)⊂Pk+1(F,X,n)
by the definition of the last set. As⋂{⋃
P0
(
F,U(Pk,0), n
)
: F ∈F
}
6= ∅
by van Douwen’s construction [3, 4.1], then there is a sequence
P ′k+1 = Pk0, . . . , iν(k+1,0), . . . , iν(k+1,t−m(k)−1)
satisfying (a). For each i = k + 1, . . . , n there is Ui ∈ P so that Ui belongs to the same
pi ∈Π as U(Pk, . . . , iµ(k,i)) does and ⋂ni=k+1Ui ∩U(P ′k+1) 6= ∅. The indexes of selected
sets Ui ∈ P form a sequence
P ′′k+1 = Pk0, . . . , iµ(k+1,k+1), . . . , iµ(k+1,n),
satisfying (b). Then either P ′′k+1 ⊇ P ′k+1, or P ′′k+1 ⊆ P ′k+1. By analogy with step k = 0,
define Pk+1 to be the common part of P ′k+1 and P ′′k+1 preceding iµ(k+1,k+1):
Pk+1 = Pk0, . . . , iν(k+1,0), . . . , iν(k+1,m(k+1), . . . , iµ(k+1,k+1),
where
ν
(
k + 1,m(k + 1))6 µ(k+ 1, k + 1) < ν(k + 1,m(k+ 1)+ 1).
Finally we put P = Pn+1.
Our proof is complete. 2
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